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Abstract. In this paper, a model of laminated plates called M4-5N and validated in a previous paper is
modified in order to take into account damage at the interfaces between layers. Displacement discontinuities
at the interfaces are considered in the model. These discontinuities are calculated by means of a damage
model. This damage model involves non linear equations. In order to compute the model, the LATIN
method is employed. With this method, two sub-problems are considered: one is linear and the other is non
linear. In the linear problem the non-linear equations of the model are linearized. By iterating the resolution
of each sub-problem, one obtains the solution of the global problem. The method is then applied to the
resolution of a free edge problem of a composite laminate. Calculations prove that the model can help predict
delamination in these laminates.

Keywords: laminates, interlaminar damage, model, algorithm, delamination.

1 INTRODUCTION

Delamination is perhaps the most critical failure mode in laminated structures. It is generally due to the
stress concentration near the edges at the interfaces between layers. Thus, it is necessary to calculate the edge
effects on the interlaminar stresses and to use a delamination criterion in order to predict delamination onset.
In order to study delamination, a linear elastic behavior is widely assumed for stress evaluation. Besides, a
more complex theory than the classical laminate theory is used because the interlaminar stresses must be
calculated.

3D finite elements can be used to calculate the interlaminar stresses. Nevertheless, these stresses are often
singular at the edges of the laminates and the calculations do not converge to a finite value!. With this
calculation method, a delamination criterion must involve the singularity intensity factor or the averages of
the interlaminar stresses over a characteristic distance from the edge!?. Another calculation method is the
asymptotic expansion technique which can be applied in order to calculate the interlaminar stresses. The
software CLEOPS developed by Lécuyer? uses this last technique. Other authors use models of laminated
plates>* which provide finite stress values and are easier to handle than the 3D calculations. One example of
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these models is the M4-5N model*> (Multi-particle Model of Multi-layered Materials with 5 kinematic fields
per layer for an N layer laminate) implemented in the software called DEILAM developed by Diaz et al®. The
approximate stresses of this model are finite even at the edges and the maximum values of stresses can be
then considered in the delamination criterion expression’. The M4-5N model is similar to Pagano’s local
model®. Its equations are obtained by adapting the Hellinger-Reissner variational formulation’. The M4-5N
model has already been validated for thermal elastic problems’.

Even if the linear elastic assumption is commonly used, non linear phenomena appear at the interfaces!”,
especially for composite materials with polymeric matrixes. Diaz and Caron’ observed that microcracks
appear at the interfaces long time before delamination initiates. When these microcracks coalesce, a
macrocrack like delamination takes place. This phenomenon can be modeled by means of a continuum
damage mechanics model'l.

In this paper, the interlaminar damage is calculated by adapting and introducing a damage model into the
M4-5N model. The laminate is supposed to be made up of linear elastic layers and damageable interfaces.
The LATIN method!? is then applied for the numerical resolution. Finally two application examples are
considered.

Notations

Throughout this work,
e superscripts 7 and j;+7 indicate layer 7 and the interface between layers j and j+7 (1Si1< N,
1< j<N-1), respectively,
e subscripts “,17, “,2” and “,3” denote the partial derivatives with respect to x, y and g, respectively
e bold face characters define tensors, matrices and vectors

. o (x,y) e @
e the multi-layer lies within the volume defined by L on b
ze|hl,h; ]
: ) ) X,y)ew ) i i i
e layer 7 occupies the geometrical space defined by [hi i ]; its thickness is t' =h, —h_,
zelh' h!
e subscripts o, p, ¢ and rindicate the components in the (X, Y, Z) space; they are assigned the values 1,
2 and 3,
e subscripts @, £, ¥ and J indicate the components on the (X, Y) plane and are assigned the values
1 and 2,

e U and o denote respectively the 3D displacement field and the 3D stress field,
o T1I™ denotes the interface between layers s and j+1,
° Y INER!

the following equation:

denotes the first order tensor of displacement discontinuities at the interface T'V/*' defined by

h>m kUO(Xayaz)_ h<m kUO(Xayaz):ylg’k-H(Xay) (1)
z——h;

z—>5hk

e cach layer 7is orthotropic and the orthotropy directions are Lj, Tj and N; as defined by the vectors

eL =cosb;e, +sinb;e er, = sin Ge, +c059iey and ey, =€,

y>

o S(X,¥,2)=S8(Z) denotes the 4th-order tensor of compliances; it is constant in each layer. Its
components are Sgpqr , With Sgpge =0 in the presence of an odd number of 3 (3-direction) in the set
opqr,

e the second-order tensors S' and Sb represent the in-plane and shearing compliances of layer 7

respectively; they are defined by:
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S(ixﬂ =Saapp(2), Sl =S61 =281112(2),  Sh =S =251,12(2),  Sée =4S515(2),

3(5 ap =4343p3(2) for z e lh "h '+ J The scalar S; denotes the normal compliance of layer 7and is

defined by: S} =Sy;342) for ze|' hl

Figure 1 — Considered laminate

2 MODEL EQUATIONS

By using the M4-5N model, the multi-layer (3-D object) becomes a superposition of N Reissner plates!’ (a
2-D object with IN particles at each geometrical point and for each particle 5 kinematic fields are considered)
coupled with interlaminar stresses. This model has been inspired by Pagano's work® and already developed
and validated in its linear elastic version*S. The model>¢ takes into account displacement discontinuities at the
interfaces between layers; these fields are supposed to be known. Since these discontinuity fields are given
data, the constitutive equations of the model are linear elastic. Herein, the interface is modelled as a thin layer
within which damage may occur and the displacement discontinuities depend on the amount of damage in
the interface. The damage model chosen in this paper contains non linear equations and it is inspired by that
employed by Allix and Blanchard!®.

Since the linear elastic equations of the model have already been developed, in this section the authors
make a brief review. The model is obtained by means of adapting>¢ the classical Hellinger-Reissner
formulation of 3-D elastic problems? and choosing approximate stresses. The formulation yields approximate
displacements, which are consistent with the stress approximation and are discontinuous at the cracked
interface as desired. Using the variational properties of the formulation, we obtain the equations of the
model.

The M4-5N model (linear version)

The in-plane stress components O,z (& €{1,2}) are chosen as linear functions of Z and the 3D
equilibrium equations lead both to shear stresses 0,3 in the form of quadratic polynomials of Z and to the

normal stress 033 as third-order polynomials. The polynomial coefficients are expressed in terms of the

following generalized internal forces*>%:
- force, moment and shear resultants of layer 7 respectively :

0 | oo
Ngs (X, y) = Iaaﬂ(X, y,2)dz, Mgs(x,y) = I (Z—hl)ﬁap’(X, y,2)dz (2)
h! h'
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n
and Qi (X, Y) = [03(x. Y, 2)dz

i htan'
where h' =+ =
- interfacial shear and normal stresses at interfaces I )1+ :
j,j+1 _ j j,j+1 _ j
T(gt J (X9 y)_o_a3(xa y’ h-kj—)a VJ J (X7 Y)—0_33(X7 yv h-ij-) (3)

where (X,¥)€w.
Once the approximate stresses are defined, the Hellinger-Reissner formulation helps to identify
o the following 5N generalized displacements for (X, Y) e @:

| + _ h
U(xw—j U, (%, y. 2)d2, cb(xy)—j—z(———2

hooot!

U,(xy,z)dz, 4)

hl
ﬂxw—f Us (%, y,2)dz

o the following generalized strains for (X,Y) € @:

i 1( . ; : 1(_ : .

8é[ﬂ(xa Y)=2(Uél”3 +Ulﬂ,a)’ Zé{ﬂ(xa y):2(®;’ﬁ+q)lﬁ’a)’ (5)
| | LUl Dt RIS N LR SAL
dq’a(x’y):q)a+u3,a:Da (X,Y):Ua _Ua_7®a_7q)a >

j,J+l _1) it j
and D" (X, y)=U;" —Uj
o the generalized displacement discontinuities at the interfaces for (X,Y) e w:

(X,Y) (6)

Using the variational properties® of the formulation for a variation of the 3D displacements and consequently
of the generalized displacements, one obtains the generalized 5N equilibrium equations and the generalized
boundary conditions at the edges*>°. Lastly, in applying equations (5) and (6) and the variational properties of
the formulation for a variation of the approximate stresses, one obtains the generalized elastic constitutive
equations®>¢ related to:

j j+l J,j+

(X,y) and y;

e the in-plane force resultants in layer 7 (1<i < N):

. Sips
Eop = i N}s (7
e the in-plane moment resultants in layer 7 (1<i < N):
- 12
Xap=—39 LM s (8)
t

e the out-of-plane shear resultants in layer 7 (1<T1 < N):
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d(lba - 5'[' QaﬂQﬂ 10 SQaﬂ( }3I+ +T/3 I) ©)
e the shear stresses at interface I' 11! (I<jJ<N-1)
J,J+1 it _ 1 gl J J+1 i+ _ j J-L]
D™ —ra 10509 719 SeasRs 3, SQaﬂ s
2 g I+ (19
“ g j+lg i+l ) R L £ S Y £
s (5dus+77'580 )< 30 SQapTs
e the normal stresses at interface I' 11! (1< j<N-1)
DIy b1 2 gty it 13 g isig ), b
70 35 (11)

9 . Lo
+7tj+183]+lvj+l,J+2

where  z2'y) =-Toxy.h'), NN Ty =TIy hN), vy =-T(x, y.h!),

y NN+ (X, y) :T3d (X, Y, h+N ) and ]/(i,j-kl }/3J QA BT j=k. TY denotes the external surfacic force at

the upper and lower faces of the multi-layer.

The model equations being recalled, the interfacial stresses can be determined in the laminate for given

INER!

displacement discontinuity fields y*!*". These fields are still unknown but in the next subsection they will be

determined.
Interlaminar damage model

The interfaces between layers are modelled by thin layers (€ mm thick). In these “interface layers” the 3D

INES INES

strain £, and stress 0" fields are approximated by (X,) fields that do not depend on Z (this is justified

by the small thickness of the interface). Thus, the displacement discontinuities are:
y =2ee )y =200 and y) 0 =egit. (12)

In the “interface layers” an isotropic linear elastic damageable material is considered. Its 3D constitutive
equations provide:

1+v%)
INER! X 2e INER! X ( I
( y) z-1 ( ay) Eo(l—dJ’Hl(X, y))
1+v%)

y(x,y) =2ec) 7 (x, ( I 13

i 1+v") e

ev (X, y) ( — if vihit>o

Jh (. y)_ E'(1-d " (x, )

j+l(X y)(1+v ) Vj,j+1 <0

where E° and v° denote the Young’s modulus and Poisson’s ratio of the undamaged material, d JI#

. i . 41 . . i+l . .
denotes the damage parameter of interface I'J’ I+ @(if d"'" =0 no damage exists, if d '™ =1 a delamination
crack appears). The damage parameter represents the homogenized volume fraction of microcracks at a point
in the interface. This parameter is calculated by the equations of classical continuum damage mechanics!!:
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j,j+ P j,j+ i+ )
:(1;”/0 rl.J’.JHl)z +(1J0rvo & .Jﬂl)z +5( 1) O(V“ 1)-“ >
E°(l—d ") E°(1-d i) 2E(1—d ™) (14)
d i+ :Sup(%’(ﬁ

where Y, and Y, are material constants, 5(v*"") =1 if the interlaminar normal stress is positive or else it is zero,

Y

<t

sup(f,Q) is the maximum value of f and g until the actual instant t. The material constant Y, defines

<t
the moment when the interlaminar stresses can initiate interlaminar damage. A small Y, /Y, ratio provokes a

quick damage growth. With the model equations in the previous sub-section and equations (13) and (14), the
displacement discontinuities can be determined for the given loads applied at the boundaries of the laminate.

3 NUMERICAL RESOLUTION AND ALGORITHM

The laminate is subjected at its boundaries to a mechanical load. Before reaching its value, the mechanical
load takes intermediate values called load steps. In order to solve the equations for each load step, the
LATIN (LArge Time Increment) method developed by Allix and Vidal'? is applied. The linear equations and
the non linear equations are separated. Two sub-problems are then considered: the first is non linear
(problem A) and the other is linear (problem B).

In problem A, a provisional solution of problem A §, = (d ! 1% 7 aj”n’-“ ,7 I s transformed into a

o . NECIPUR T RSN R e .
new provisional and more accurate solution §=(d /"' 451" 211 plI*y by means of the following

equations which are deduced from equations (13) and (14):
PR AL 1 ALY R AR I e NS SR AR BV A
1 — YIn sb2 —Y2n > ~%n ’

(ERA0 T I (SR el NN (A |
'= E°(1—6F:‘*““)2 ’ E°(1—cT:LJ+1)2 o I)ZEO(I_JHJ-,H)z,

i, i+l W_\/?
@ “Ji?( Y (15)
j it nppi 1+v")
ya (Xa y) - 2efa (X’ y) Eo(l—dj’j+1(x, y)) H
1

j.j+l — l7j’j+l il
?3 (Xa y) € (Xa y) Eo(l _ d J’HI(X, y))

In problem B, the provisional solution $ = d i+l 7 1.+ ,f{i’j” ,V j’j“) of problem B is considered and a

. : —(d I gl =it Sy P
new provisional and more accurate solution §,,, = (d )" )] 3Tt »Vnat ) 1s calculated. In this linear

problem, the non linear equations are linearized:

PNES! JsJ+l INE PN
1,n+1 ?l ?l,nﬂ fl
>0+ | §J+l INER Y NS
Vonel |=| 72 +A| T, — 1t t+a (16)

5 s+l jsj+l 1L+l i+
7/3,n+1 3 Vn+1 14



G. AQUINO et al. / Computation of a model of laminates

where A is a 3X3 matrix and a is a vector. Their coefficients are given by the linearization of
7o It =it el i il d 30+ B+ & 0+l 5+ IR RIS B o el B L e B R R B o B
Y (d P b ity D b (B e I I By g d 9 g D e by i

equations (13) and (14). For example, for the A, and @, terms one obtains:

o 2e(1+v%)
A= g giim) (17)

0 ~j,j+l
N d +‘0/ )((,T.ljn,jﬂ )2 n (?21;1]+1 )2 )+ o, )(]7”],]+1 )2
a _2eflj’”1(l+v0)x E ’ ’ 2E,
1 PRV ~ i B
E°l-d ) S i-djm)
Finally, by taking into account the generalized linear equations (equilibrium and constitutive equations,

boundary conditions) and equation (16), one obtains a linear differential equation set which is solved by
means of a finite element technique as proposed by Diaz et alS.

The global problem is the calculation of the solution = (d j’j“,yj’j+1,ri’j+1,vj’j+l) for each load step
defined by the loads applied at the boundaries of the laminate. The numerical algorithm adopted in this paper
is described in figure 2. For the first load step, the given data $=0.

(dAJ',J'+1 _ani,j“) (18)

LSolution s of the previous load step

g+t
A,

’ Resolution of problem A ‘

ghit
A4
’ Resolution of problem B ‘

gj,j+l

Y

D i )
‘S’ H— gl < maximum

allowable error?

No

Yes Task S

JL Solution s"/*' = 1! of the new load step

Figure 2 — Resolution of a new load step.

4 APPLICATION EXAMPLE

Let us now apply the model to the resolution of a free edge problem of a symmetrical composite laminate
(see figure 3). In this problem, the laminate is made up of unidirectional composite layers and is subjected to
a tensile load ¢ at its ends. The laminate is supposed to be infinitely long and owing to symmetries the
problem can be reduced to the determination of the interlaminar damage in the shaded quarter section of this

tigure.
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y=0 y=b

Simplification of
the problem

Figure 3 — Free edge problem of a symmetrical composite laminate

The material in each layer is the unidirectional carbon-epoxy composite used by Diaz and Caron”1%. The
ply thickness is t =0.13 mm and the ply elastic properties are:
E; =153.82GPa, Er =Ey =10.61GPa
GLT = GLN = GTN =5.58 GPa
ViT =VIN =VTN = 0.315
where the subscripts L, T, N refer to the longitudinal, transverse and thickness directions of the individual
ply. For the properties of the “interface layers” in these materials, a further analysis must be performed in
order to identify them. In the present paper, the authors have chosen arbitrarily (except for the thickness) the
following values to show the potential of the theoretical tool developed herein:
t =3um (measured with an optical microscope!?)
E’ =8GPa, v’ =03
Y, =4.7x10°Pa, Y, =4.7x10°Pa
Let us consider two types of laminates: (0.90)s and (i 10)s .

(0.90), laminate

It is well known that in this laminate the interface 0/90 exhibits the largest edge effect. In figure 4, the
evolution of the interlaminar shear stress 2';,’22 along the interface 0/90 is shown for three different load
values. For the first load (& = 0.065), the damage parameter is zero. An important edge effect is observed.
Beyond the first load, damage appears first at the edge and propagates inside the laminate as can be seen in
figure 5.
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y (mm) right edge

Figure 4. Interlaminar shear stress at the interface 0/90 vs. position
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0.6
d*? 0.5
04
0.3
0.2
0.1 /
0.0 ‘ ‘ ‘ ‘

0.00995 0.00996 0.00997 0.00998 0.00999 0.01000

y (mm) right edge
Figure 5 — Damage parameter at the 0/90 interface vs. position

Let us now analyze the edge values of the interlaminar damage and interlaminar shear stress. In figure 6,
these values are plotted for different load values. Once the interlaminar damage reaches the 0.2 value, damage
grows rapidly and the shear stress diminish considerably. For a &=0.08505 load, delamination appears
(d*™ =1 at the edge).

With these calculations delamination onset in this laminate can be predicted. Nevertheless, in reality this
laminate exhibits first intralaminar transverse cracks!? that are not considered in the model. For the next
example, delamination really appears before any other failure mode.



G. AQUINO et al. / Computation of a model of laminates

0.8 250
1,2
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Figure 6 — Damage parameter and interlaminar shear stress at the edge vs. load

(i 10, )S laminate

Itis well known that mode I1I delaminations appear in these laminates at the 10/-10 interfaces due to the
edge effect on the interlaminar stresses!?’. Besides, an important thickness effect on delamination is
observed’: as N increases the critical tensile load that provokes delamination decreases. Let us apply our
model to these laminates. Each set of n layers is modeled as a single layer ne, thick (€, is the ply thickness).
In figure 7, the evolution of the interlaminar damage parameter at the edge is plotted for differentloads. One
can see that the model predicts a thickness effect on the critical load that leads to d"? =1 (delamination
onset).

1.0 4

0.8

0.6

0.4

0.2

00 T T T T T T T
3.0E-03 3.5E-03 4.0E-03 45E03 S50E-03 5.5E03 60E03 6.5E03 7.0E-03
Load ¢

Figure 7 — Damage parameter at the edge of the 10/-10 interface vs. load

In order to compare the predictions of the model with experimental results, the interlaminar properties
that appear in the model must be identified by means of a further analysis. After the achievement of this
identification, the model could be validated and used for delamination onset prediction in other laminates.
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5 CONCLUSION

In conclusion, a theoretical tool has been developed to calculate the interlaminar damage in laminated
structures. A model of interlaminar damage has been introduced into the model of laminated plates called
M4-5N. The nonlinear equations of the model are solved by means of a numerical technique based on the
LATIN method. Two example applications were shown and in these examples the calculated interlaminar
damage can help predict delamination onset.

The comparison of the predictions with experimental data will require an identification of the parameters
that appear in the model. This comparison will help also to validate the calculations developed in this paper.
After this, the new model developed in this paper may prove to be an accurate tool for delamination onset
prediction in laminated structures.
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